Based on two different iteration procedures the groundstate wave functions and energies for N-dimensional generalized Sombrero-shaped potentials are solved. Two kinds of trial functions for the iteration procedure are defined. The iterative solutions are convergent nicely to consistent results for different choices of iteration procedures and trial functions.
Introduction
Recently the generalized radially symmetric Sombrero-shaped potential in N -dimensional space is proposed by R. Jackiw [1] :
where r 4 0 = (2 + N )/3, g 2 and A are arbitrary constants. He also challenged to apply the iterative method developed by R Friedberg, T. D. Lee and W. Q. Zhao [2] to solving this problem. His question is properly answered by the three authors in Ref. [3] for one-dimensional case. The same problem will be solved for the N -dimensional generalized Sombrero-shaped potential in this paper. The corresponding Schroedinger equation for the groundstate radial wave function is
with k = (N − 1)/2. The boundary conditions are
When g = 1 and A = 2 the solution of the groundstate has an analytical form as ψ(r) = e −r 4 /4
with the eigenvalue E 0 = r 6 0 . However, for arbitrary g and A the groundstate wave function has no analytical form. In the following two iterative solutions for the groundstate of (2) are presented. To apply the iterative methods we introduce the trial function φ(r) satisfying another Schroedinger equation
where h(r) and ∆ are the corrections of the potential and the groundstate energy. Starting from this trial function φ(r) we perform two iterative procedures. Define the exact wave function as ψ(r) = f (r)φ(r) = e −τ (r) φ(r).
The iteration performed for f (r) and ∆ is named as f -iteration [2] and the one performed for τ (r) and ∆ is named as τ -iteration [4] in this paper. For the f -iteration two iterative series of {f n (r)} and {∆ f n }, n = 0, 1, · · · are introduced with f 0 (r) = 1 and ∆ f 0 = 0. For the τ -iteration two iterative series of {τ n (r)} and {∆ τ n }, n = 0, 1, · · · are defined with τ 0 (r) = 0 and ∆ τ 0 = 0. The iterations for these two sets can be performed according to the following equations. For f -iteration we have [2] 
where r C could be chosen as r C = 0 or r C = ∞ and the normalization is chosen as f n (r C ) = 1. As for τ -iteration we have [4] 
where τ ′ (r) = dτ dr . The detailed derivation is summarized in Appendix. To ensure the convergency of the iterative methods it is necessary to construct the trial function in such way that the perturbed potential h(r) is always positive (or negative) and finite everywhere. Specially, h(r) → 0 when r → ∞. In the following we construct two different trial functions for the iteration procedures.
Trial Functions
Trial Function I Introduce φ(r) = e −S 0 (r) .
Now substituting (7) into (4) we obtain the equation for S 0 (r):
Therefore
For a finite h(r) it should not include terms with positive power of r. Since the highest order of r-power in the potential is 6 and V (r) has only even powers of r, we first assume
Substituting (10) into (8), to cancel r 6 term we have a = g/4. Coefficients e and α only change the normalization and we simply set e = 0, α = 1 and finally obtain S 0 (r) = (
To cancel the terms with r 
and obtain
When g = 1 and A = 2 we have m = 0, h(r) = 0 and the trial function is just the exact solution of the Schroedinger equation. To look in more details the behavior of the trial function we choose g = 1 and see the change of the trial function with the parameter A. When A = 2 our trial function is just the exact solution with the maximum of the wave function at r = 0. For A = 2 we always have h(r) < 0 and finite, and h(r) → 0 when r → ∞. This ensures the convergency of the iterative procedure.
When A < 2 the potential is more centered at r = 0 and the trial function keeps its maximum at r = 0. When A > 2 the potential is more like a double-well and the trial function has maxima at r = 0.
Trial Function II we can introduce another trial function
satisfying the Schroedinger equation (4) and the boundary condition
The parameter a in (15) is fixed to ensure the boundary condition
Substituting (15) into (4), we compare terms with the same power of g. From g 2 -terms we obtain
To ensure the h(r) satisfying the convergence condition, S 1 (r) is defined in a special way to prevent terms with positive powers of r presenting in h(r). For g 1 terms we have
Introducing
and defining E
we write
and
Substituting S ′ 0 (r) into (23) we have explicitly
The expression for h(r) is
Substituting S ′ 0 (0) and S ′ 1 (0) into (16) we obtain an equation for the parameter a
For the above equation to have real solutions of a the following restriction is put on the parameters g and A:
For example, (27) requires g > 0.922 when A = 2 and A > 1.81 when g = 1. When (27) can not be fulfilled the condition φ ′ (0) = 0 can be satisfied by introducing the trial function as φ rev (r) = φ(r) + ξφ − (r) for r < r 0 (28a) and
where φ − (r) is defined as
The parameter ξ is fixed to satisfy the condition φ ′ rev (0) = 0, namely
Correspondingly the Schroedinger equation satisfied by φ rev (r) is
where h rev (r) = h(r) for r > r 0 and
for r < r 0 . It is interesting to notice that the conditions (26) and (30) for φ ′ (0) = 0 also ensure h(r) and h rev (r) to be finite when r → 0, which is necessary for the convergency of the iteration procedure.
By integrating (17) and (25) we obtain S 0 (r) and S 1 (r) as 
Numerical Result
Starting from the above defined two sets of trial functions φ(r) and the related h(r), we can perform the iterations based on f -iteration of (6a) and (6b) or τ -iteration of (6c)and (6d). Our numerical results show that although the two iteration procedures look quite different and the two trial functions are defined in different ways the finally obtained wave functions and eigenvalues for the groundstate convergent nicely to the same final shapes and values. Now we give some more detailed discussions about our results. Let us take N = 3 as an example. Performing the iteration based either on f -iteration or on τ -iteration the final convergent result of the wave function and the eigenvalue of the groundstate is consistent to the exact solution. The trial function and the final exact wave function for the groundstate is plotted in Fig. 1 . It is interesting to observe the transition of the shape of the wave function for the trial function with maxima at a finite r to the final convergent one with only one maximum at r = 0 after the iteration procedure, as the exact groundstate wave function should be. This answered the question raised by R. Jackiw [1] in N -dimensional case: Even the trial function proposed has its maxima at r > 0 the iteration procedure would still reach the exact solution of the groundstate wave function with its only maximum at r = 0.
Comparison of the Two Iteration Procedures
In Table 1 and Table 2 the eigenvalues of the groundstate obtained from the τ -and f -iterations are listed respectively, based on the two different trial functions for different parameters g and A. Comparing the two iteration procedures, it can be seen that τ -iteration is convergent faster than f -iteration. The numerical calculation takes also less time to reach the convergent result for τ -iteration. This can be understood by comparing the formula (6a) and (6b) for f -iteration with (6c) and (6d) for τ -iteration. First, in the formula for the energy correction, the denominator changes in each order in f -iteration while it needs only to calculate once for the whole τ -iteration procedure. Besides, one fold less of integration is needed for each order of iteration in the τ -iteration procedure since it is related only to τ ′ n . These two advantages speed up the numerical calculation of τ -iteration very much. Although the two iteration procedures look quite different with different convergent speed, it is shown clearly in the two tables that the two iteration procedures do give the same convergent results.
Comparison of the Two Trial Functions
For the two trial functions, the trial function I is closer to the groundstate and needs less orders of iteration to reach the exact result in most cases. This can be seen clearly for the case of g = 1 and A = 2. The trial function I gives already the exact solution while for the trial function II which has maxima at r > 0 the exact groundstate wave function with its only maximum at r = 0 can be reached only after the iteration. In fact, for different parameters g and A the trial functions I always have shapes similar to the exact solution, while the trial functions II differ from the exact ones in their shapes for g ≤ 1 and A ≤ 2. Although the iteration process for the two trial functions is quite different, the two iteration procedures with the two sets of trial functions always reach the same final results of eigenvalues and groundstate wave functions.
Change of the Wave Function Shapes with Parameters
As examples the obtained groundstate wave functions after the iteration procedure are plotted in Figs. 2 and 3 for A = 2 and g = 0.5, 1 or 2, and for g = 1 and A = 1, 2 or 3, respectively. It is interesting to see the transition of the form of the obtained groundstate wave function from the shape with maximum at r = 0 to the one with maxima at a finite r, becoming a degenerate groundstate, when g increases from < 1, passing 1 to > 1 for A = 2, or when A increases from < 2, passing 2 to > 2 for g = 1. The results seem to show that the groundstate wave functions in the region g ≤ 1 and A ≤ 2 have the shape with only one maximum at r = 0, while in the region outside the wave functions become degenerate at a finite r. Their maxima move to larger r when the parameters g and A increase further.
the two iterative series are defined as
For later convenience the iteration series for {τ n , ∆ τ n } defined in equations (A.11) and (A.12), originally introduced in Ref. [4] , is named as the τ -iteration, while the one for {f n , ∆ f n } given in (A.13) and (A.14), originally introduced in Ref. [2] , is named as f -iteration in this paper. By introducing the external electrostatic charge distributions For radially symmetric potential V (r) and potential correction h(r) the problem for solving the groundstate can be simplified and is related only to the radial variable r. By separating the angular variables [2] (A.1) and (A.2) can be reduced to equations (2) and (4) for the groundstate radial wave functions ψ(r) and φ(r). Multiplying (4) on the left by ψ(r) and (2) by φ(r), their difference gives
The equations for (f (r), ∆) and (τ (r), ∆) are deduced as following and g = 0.5 (thin), 1 (middle) and 2 (thick).
